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In the sugar industry a major component of the extraction process is a device known as a diffuser. Crushed
and shredded cane is repeatedly washed by warm water as it travels along a conveyor, leaching the sugar
from the cane. An important part of the efficiency of the process is the cycling of the ‘used’ water through
the bed from downstream to upstream so that the final juice has a higher concentration of sugar, thus
requiring much less energy to burn off the water. In this paper, we propose a model that allows simulation
of the process to investigate the effect of variations in the properties of the cane bed, the speed of the
conveyor and how to initiate the flow. It is discovered that there are several controlling factors that need
to be dealt with to lead to an orderly steady process.
Keywords: Industrial Mathematics; porous media flow; sugar diffuser.
1. Introduction
Sugar refineries take cane from plantations and extract the sugar which can then be used to produce a
number of different products. However, our concern here is just one step in the procedure; that in which
the sugar is leached from the cane. This takes place in a long mechanical structure called a diffuser. This
method replaced the original technology of milling in the late twentieth century because it was more
energy efficient and produced a higher quality, cleaner product; see Rein (1995).
A long conveyor (∼60 m long and 5 m wide) carries the fibre from its loading position to the other
end of the diffuser. During the trip along the conveyor the fibre is washed on several (usually 10 or 12)
occasions by warm water that is recycled from the most downstream point to the most upstream (see
Fig. 1).
The concentration of sugar in the solution increases with each passage through the cane bed and it is
recycled upstream where it comes into contact with higher sugar concentration in the bed (as it has not
been washed yet). In this way, there is always a positive difference between the concentration of sugar
in the cane bed and the water, thus allowing continual leaching to occur. This is repeated until the now
sugar-rich juice reaches the upstream end where it is collected for further processing. Along the length
of the diffuser there are 12 bins or trays to collect the water/juice and 12 pumps that recycle the juice to
an upstream inlet where it re-enters the fibre bed via a spray. Thus, the trays are about 5 m apart and the
conveyor typically moves at around c = 0.03 m/s, making a full passage along the length every 30 min.
If more water passes through the bed, more sugar can be extracted but more energy is required in
downstream processing to boil off the water. There must therefore be a trade-off between the speed
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Fig. 1. Sketch of the diffuser. Approximately 60 m in length and moving at ∼2 m/min. Heated water is recycled upstream to flush
through the cane.
of the conveyor, the flow of water and the amount of sugar extracted, and the energy use. Some basic
analysis was performed by Love & Rein (1980), Rein & Ingham (1992) and more recently the leaching
process was considered by Breward et al. (2012).
The level of water in the fibre bed is crucial at all times to maintain efficient operation. Ideally, every
part of the shredded sugar should have the juice pass over it once for each overhead spray, as this results
in the maximum contact between the juice and fibre leading to greater transfer of the sugar to the water.
However, inconsistencies in the properties of the fibre sometimes leads to a backing up of the liquid and
consequent flooding of the surface, or a sudden draining of water, leaving a dry region.
Overflow of the juice onto the top of the substrate can lead to a short-circuiting of the juice cycle
and inefficiency in the process. Currently, the problem of flooding is treated by turning off the pump
which is supplying that particular location, but this can lead to an overfilling of one of the collection
trays and flooding below the diffuser. Further exacerbating this problem is the extra flow from the pump
once it is restarted, often leading to renewed flooding.
It is also sometimes difficult to initiate the flow to obtain the desired flow conditions. The procedure
for starting the diffuser can be a delicate process (see Hocking et al., 2014). An initially shallow sub-
strate is gradually deepened and the conveyor speed is increased while water is added at the downstream
end and works its way upstream via the bins and sprays.
We derive a one-dimensional model that allows us to consider some of these questions about the
flow, such as variability in cane permeability, changes in spray configuration and changes in conveyor
speed. We then discuss a more comprehensive Lagrangian model in which we follow parcels as they
travel the length of the diffuser taking in juice at the top and allowing it to flow out through the base
into the collection bins. This model allows for the possibility of overflow and consequently can be used
to model the whole process and variations, including the flow initiation phase. A range of different
scenarios are considered using both models and the results are compared.
2. Modelling considerations
The percolating flow through the cane can be modelled using a Darcy’s Law porous media flow model
for fully saturated flow conditions; see Bear (1972); Harr (1990). This well-established theory intro-
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where p is the pressure, ρ is the density, g is the gravity and y is height above some reference level.
The water flow velocity q (sometimes called the specific discharge) is given by the gradient of the
potential as
q = (u, v) = −k∇φ. (2.2)
The proportionality factor k (m/s) is the permeability of the medium (in this case the shredded cane)
and would need to be determined experimentally from the shredded cane matrix. In draining flow under
gravity, the ‘terminal’ vertical velocity of a fluid is v = −k. In many cases this velocity is achieved
exponentially quickly (Harr, 1990; Hocking et al., 2014). This important point turns out to be one of the
main controlling features of the flow. A typical value of the permeability k ≈ 0.004 m/s.
In saturated flow conditions, these equations are combined with conservation of mass ∇ · q = 0
so that
∇ · k∇φ = 0. (2.3)
A crucial factor in this problem is the location of the free air–water boundary within the substrate.
It is this that makes the problem non-linear. On this boundary, we can define the pressure to be zero
(atmospheric), so that we obtain the important free surface condition
φ = y on y = h(x, t) (2.4)
where y = h(x, t) is the elevation of the free surface.
While it is clear that not all of the flow is in saturated conditions, we can use this as a starting
assumption and test it against experience of the real flow.
3. One-dimensional model
As a starting model, we assume small flow from both the sprays at the top and into the collection trays
at the bottom. This allows us to develop a one-dimensional model for the height of the free boundary.
Considering the flow in and out of a small horizontal segment, we obtain an equation for the height of
the free boundary y = h(x, t) as
∂h
∂t
+ ∂[(c + u)h]
∂x
= Q(x, t) (3.1)
where Q(x, t) = f (x, t) − k is the net flow in from the sprays (f (x, t)) and out through the bottom (−k)
and c is the speed of the conveyor. Using the one-dimensional result that u = −kφx = −khx and the free
surface condition (2.4), we obtain
∂h
∂t
+ ∂[(c − khx)h]
∂x
= Q(x, t) (3.2)
or in expanded form
ht + chx − kh2x − khhxx − kxhhx = Q(x, t) (3.3)
The permeability k(x, t) may be a function of space and time as sections of potentially different material
travel through the process.
In principle it is possible to solve the full form of equation (3.3). However, a much more accessible,
analytic solution is obtained if we linearize about the mean surface level, allowing a solution for realistic
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spray and flow conditions. Writing h(x, t) = h0 + h1(x, t), where h0 is the mean level of the free surface
and h1  1, equation (3.3) becomes, neglecting all terms of higher order,
h1t + ch1x − kh0h1xx = Q(x, t) (3.4)
The value of h0 is constant and is the mean level of the water surface within the substrate. Since the
inflow and outflows are chosen to match in the one-dimensional model, the value of this will not affect
the outcome. In practice a typical value would be h0 ≈ 1.5 m, but in the figures we have set it to be of
unit value.
The steady-state version of (3.4) is given by
ch1x − kh0h1xx = Q(x). (3.5)
Again, while in principle it is possible to solve the steady, non-linear version of equation (3.2), the linear
solution provides a much more accessible and hence useful form. Once in a steady state, the diffuser can
be assumed to be in a steady state and consequently we can consider a single bin/spray compartment
and impose periodic boundary conditions.
Thus, simplifying the process to considering a single bin, equation (3.5) is solved on 0 < x < 2L. We
set h1(0) = 0, h1(2L) = 0 and choose a Gaussian shape for the influx from the spray, i.e.







where V0 must be chosen to ensure that the total inflow across the region from the spray matches the
total outflow through the base. Since we are computing a variation from a pre-defined h0, and assuming
a mass-balance and periodic boundary conditions, the value of h0 will be the initial value of the mean
height of the water in the diffuser, and this will remain constant throughout the process with this model.
The general solution of (3.5) is
h1(x) = − 1
h0γ 2
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, γ = c
kh0
(3.8)
and C1 and C2 are found from the boundary conditions as
C1 = 1
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Fig. 2. A comparison of the numerical solution of the unsteady equation (3.4), at times 50 and 200 s, with the exact solution of
the steady equation (3.7), given by the dashed line. Typical parameter values are chosen; L = 2.5 m, h0 = 1 m, c = 0.033 m/s,
k = 0.01 m/s and α = 5.
The solution (3.7) provides us with an opportunity for comparison with the output of the unsteady
equations. Solving (3.4) numerically, we see in Fig. 2 that the unsteady problem evolves to the steady
state. Using typical values, the numerical solution of the full non-linear equation gives graphically
identical solutions to the linear solution and so we can proceed with the linear form.
Some features of the free surface are immediately evident. The surface elevates with a sharper slope
on the upstream (left) side. The downstream face of the rise has a slope with an angle given almost
exactly by tan θ = −k/c, which represents the interaction between the forward advection due to the
conveyor and the vertical draining at speed −k. The steady solution can be used to examine the effect
of several different parameters on the flow. Figure 3 shows the change in shape of the rise due to using
sprays of different width. The narrower spray leads to a steeper peak and a sharper rise on the upstream
side. The amplitude is also higher, reflecting the fact that the volume influx is over a narrower range
requiring a higher peak velocity. Importantly the downstream slope is not changed.
We examined the effect of different conveyor speeds (c) and permeability (k) on the shape of the
free surface in Figs 4 and 5. As c increases for a fixed value of k, the peak flattens out reflecting the
greater horizontal movement for fixed inflow. The inflow is also being spread over a greater distance as
the substrate travels faster underneath it.
On the other hand, if k is decreased, we expect to see the fluid backing up a little more as it flows
more slowly through the fibre bed. It is also clear that, to maintain a steady state, the peak velocity of
the influx must be decreased, and this is clearly seen in Fig. 5 in which higher k values lead to a higher
peak and a steeper downstream slope.
The understanding developed from these solutions can be extended to consider flows in which there
may be some variation in the permeability of the batch entering the diffuser. In order to consider this,
the domain of the model was extended to include 12 equal cells along the full length of the diffuser.
Boundary conditions were imposed only at the two ends, rather than on each cell. Thus we could conduct
a simulation including 12 cells and allow variation in some properties along the full length. Using the
same parameter values, the 12-cell simulation reached the same periodic steady state as that of the
single cell.
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Fig. 3. The exact steady solution for two different spray widths. The narrower jet leads to a slightly higher and narrower spike
(dashed line) on the free boundary, but the general features are unchanged.











Fig. 4. The exact solution of the steady equation (3.7) for varying c. Solid line is c = 0.033 m/s, dashed line is c = 0.067 m/s and
dot-dashed line is c = 0.1 m/s. Other parameter values are L = 2.5 m, h0 = 1 m, k = 0.01 m/s and α = 5.
Variable properties of the cane is one of the operational issues that needs to be dealt with on a regular
basis and so is of great interest in practice (Hocking et al., 2014). Suppose a patch of higher or lower
permeability enters the diffuser at the upstream end. Here we take k to be of the form
k(x, t) = k0 ± Ae−[x−c(t−t0)]2 (3.11)
where t0 is large enough so that the steady state has already formed and A is an order of magnitude less
than k0. This term was included in the unsteady numerical calculation of a full 12-bin simulation and
appears in all places where k occurs (assuming k to be variable does not change equation (3.4) provided
k′(x) is small). We observe that if k is temporarily higher, then there will be a temporary increase in
flux from the sprays at an upstream location as the extra water collected in the bins is recycled. Figure 6
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Fig. 5. The exact solution of the steady equation (3.7) for varying k. Solid line is k = 0.01 m/s, dashed line is k = 0.02 m/s and
dot-dashed line is k = 0.03 m/s. Other parameter values are L = 2.5 m, h0 = 1 m, c = 0.033 m/s and α = 5.














Fig. 6. Height of the free surface at points x = 8.1 m, x = 22.2 m and x = 46.5 m along the diffuser. Other parameter values are
L = 2.5 m, h0 = 1 m, k0 = 0.01 m/s, α = 5, t0 = 800 s and A = k0/10.
shows the surface elevation at several points as a function of time when a pulse of increased permeability
passes, followed by the increased flow from the spray. Once the level has settled to steady-state values
in each case, one can clearly see the dip caused by the higher permeability followed by a rise caused
by the extra inflow upstream. If the permeability is decreased, this picture is reversed in each case, i.e.
there is a rise followed by a dip. Importantly, the pulse of higher or lower permeability does not result
in any permanent change to the free surface elevation. This suggests that in practice such temporary
variations can be ignored in terms of the smooth operation of the plant, since once they have passed, the
steady state will quickly resume.














The model described in Section 3 provides a simple method for investigating the flow and studying what
happens during small, local variations. However, it does not allow us to consider more serious changes
in the flow behaviour, such as the advent of flooding or the initiation of the flow.
In order to answer these questions, a more highly resolved model was developed in which a frame
of reference moving with the substrate was adopted. In this model the substrate is represented by a set of
narrow vertical columns in which the local water level is computed. The physical properties (e.g. height,
permeability) of each column remains the same as it moves along, but the water level in each varies due
to inflow from the sprays, draining into the trays and the exchange between adjacent columns.
4.1 Model design
The substrate is divided into N columns of width wj, j = 1, . . . , N , over the full length of the diffuser.
Each column in the model has associated data kj, hj and hmaxj , j = 1, . . . , N , representing the permeability
of the substrate, the water level and the height of the substrate at the current location.
The columns move along with the conveyor of the diffuser until they reach the end where they are
removed from the system. At the most upstream end, new columns are added at each time to represent
the new material being loaded. In order to simplify the computations and also to eliminate numerical
diffusion, the time step is chosen so that the movement corresponds to exactly one column width. Thus,
the properties in each cell can be updated after each time step by renumbering the index of each of the
properties for each column.
Water in the downward plume reaches a speed of v = −k exponentially quickly once it enters the
pulp (see Harr, 1990; Hocking et al., 2014), which means that we can assume the outflow will be close to
this rate, so that the outflow at the bottom from each column in time Δt is Qoutj ≈ kjwjΔt, j = 1, 2, . . . , N .
In fact, it is this outflow speed factor that is the dominant factor in controlling the flow. Inflow sprays
produce a flux generated from the volume collected in bins further down. The columns into which they
spray are computed as the columns move beneath them in each time step. The driving flow in the model
is the flux from the most downstream spray inlet, since this is the water that is recycled throughout the
system.
It is not difficult to show that the horizontal motion of the water between columns is an order of
magnitude smaller than the vertical motion and the advection within the moving columns, but nonethe-
less this motion is computed using (2.2) after the spray input and bottom output and hence the new
level in the column is computed at each time step. Finally, if the level of water in any column exceeds
the maximum substrate height, then this liquid is allowed to spread, filling the next adjacent column
before moving further outward from the spray region and successively filling neighbouring columns.
This replicates the process when flooding occurs.
4.2 Steady flow
To begin we use the model to reproduce the behaviour illustrated above in the one-dimensional model.
The flow is assumed to be under way and the level of water in the diffuser to be at a constant height. The
simulations were then run until a steady-state solution involving the jagged surface formed (see Fig. 7,
for example). This starting assumption combined with the matching of inflow and outflow leads to the
mean surface level being maintained at the originally chosen value. Thus we can consider the effect of
variations to this reasonably stable state. A separate consideration of the start-up is given below.





























Fig. 7. Steady-state water level in the diffuser with k = 0.008 m/s, c = 0.044 m/s, spray width=0.5 m. The slope of the draining
surface is almost exactly given by k/c ≈ 0.18.
The steady state quickly evolves (see Fig. 7) from the upstream end as the conveyor proceeds,
provided the inflow from the upstream end matches the through flow. The flux of fluid through the
diffuser is determined by the flow from the most downstream spray jet, or more accurately from the
amount of liquid emanating from above the last collection bin, as this is cycled upstream. This amount
in each time step will be equal to the integral of the vertical velocity across the width of the bin, so
QINΔt = −kwΔt.
A steady solution is shown in Fig. 7 for the case with k = 0.008, the conveyor speed c = 0.044 m/s
and spray width = 0.5 m. In this configuration, the diffuser reaches a steady state after about 25 min. The
peaks lie beneath the spray jets and as the conveyor proceeds, the level simply drains downwards, pro-
viding a sloping interface at an angle given approximately by tan θ ≈ −k/c. These results are consistent
with those of the one-dimensional model in all regards.
To again compare with the earlier model, we consider a reduction in the width of the spray jets
recycling the water. Figure 8 shows a comparison of steady-state surface levels (over the first 25% of
the diffuser) when a spray half-width of 0.25 m is used compared with one with a 0.5 m half-width. It
is clear that there is very little difference between the surface levels. Again these results are consistent
with the one-dimensional model.
In ideal circumstances, if the peak water level is near to the height of the substrate when under the
sprays, and if the permeability remains constant, nothing more would need to be done as all parts of the
substrate would be washed by each of the spray jets, providing maximum leaching.
4.3 Unsteady flows
In the diffuser the properties of the substrate are constantly changing as new sugar pulp is added to the
conveyor. The consequences of this variation can be tested using the model and strategies developed to
deal with it. We can consider more extreme events as the model is not restricted to small variations and
allows some consideration of flooding or complete drying.
As above, we can consider the effect of introducing a batch of cane fibre with a lower or higher
permeability. An anomalous batch with different permeability, k, was introduced to the diffuser for a




























Fig. 8. Steady-state water level in the diffuser with k = 0.008 m/s, c = 0.044 m/s, spray half-width=0.5 m (dashed) compared

















Fig. 9. Water level in the diffuser with k = 0.008 m/s, c = 0.044 m/s, spray half-width = 0.25 m and a substrate depth of 1.4 m,
after 18 min. A 1.25 m long ‘lump’ with k = 0.007 was introduced after about 7 min. The level exhibits a slightly higher surface
at the 30–35 m mark, and a small amount of extra flooding further down as the water drains more slowly and hence backs up
slightly. The lower levels at the end are due to the fact that a steady state has not yet formed completely.
short time and the results can be seen in Figs 9 and 10. The former shows the effect of a local decrease
in permeability and the latter an increase. Slower draining can be seen to cause a higher level surface
(Fig. 9) at around the 30–35 m mark along the diffuser, and also some flooding further down the diffuser
as the water backs up. More rapid draining (Fig. 10) causes a ‘dry’ patch to form locally at about the
same location (which also passes through the system), and slightly lower surface levels further down
the diffuser as the water is pulled through more quickly. Thus, even for this more extreme case the effect
of the variation washes through the system. A longer-term change in the permeability of the substrate





























Fig. 10. Water level in the diffuser with k = 0.008 m/s, c = 0.044 m/s, spray half-width = 0.25 m and a substrate depth of 1.4 m,
after 18 min. A 1.25 m long ‘lump’ with k = 0.009 was introduced after about 7 min. The more rapid draining has led to a complete
emptying of the diffuser (and hence a dry patch) at the 30 m mark. This dry patch, however, works its way through the system
once the anomaly has passed and the steady state is resumed. The lower levels at the end are due to the fact that a steady state has
not yet formed completely.
would clearly require a modification to the inflow (or conveyor speed). Simulations indicate that more
extreme cases can lead to catastrophic changes in the efficiency with significant drying or flooding if
appropriate adjustments are not made, but even then if the permeability returns to the original value, the
system will return to the equilibrium.
A simulation was conducted to induce a small amount of flooding, i.e. where the level of the top
of the substrate was set below the steady level of the particular flow parameters. Figure 11 shows the
results of a simulation for which the natural highest level is 1.55 m compared with one in which the
substrate height is 1.4 m. The effect of the flooding is clearly evident as the excess water has spread
across the surface and then soaked into the pulp. However, in a minor case such as this, the end result
differs very little from the case with a higher level. Liquid from this case will most likely still enter the
correct bin, or with only small amounts flowing into the wrong bin.
4.4 Flow initiation
The results above are all based on the diffuser having a reasonably well-established flow at the start of
the simulations. This ignores an important fact about the process that the final flow is very dependent on
the initial set-up procedure. The initial mean level of the free surface will be maintained by subsequent
flow. In fact, it is very difficult to change the mean level once it has formed because of the controlling
factor of flow through the bottom. In addition, consider the fact that the component of horizontal flow
due to the water level is given by u = −khx near the surface, and the system is moving to the right with
speed c. The only way that juice can move upstream within the substrate is if −khx < −c, and since k is
of the order of one-third of c, only a very steep free surface can drive such a flow.
This means that the level of the free surface cannot in general be raised by adding extra water only
at the most downstream spray; water must be added via upstream sprays at a rate faster than the exit
through the bottom to raise the mean level of the surface. The only other way to raise the level during

































Fig. 11. Steady-state water level in the diffuser with k = 0.008 m/s, c = 0.044 m/s, spray half-width = 0.25 m and a substrate
depth of 1.55 m (higher peaks—solid) and 1.4 m (lower tops—dashed). The lower surface level results in flooding of the surface
but this spreads and sinks into ‘dry’ areas so that the overall steady solution is not much changed.
standard operation is to flood the diffuser from upstream, usually an undesirable outcome. Slowing the
conveyor will temporarily increase the mean depth, but this reduces the efficiency of the operation.
The procedure for starting the diffuser is to begin at a low speed with a shallow substrate. The
substrate is gradually deepened and the conveyor speed is increased. Water is added at the downstream
end and works its way upstream via the bins and sprays. Figure 12 shows the evolution of the water
level in a diffuser set up with a low level of substrate that gradually increases along the length of the
conveyor. In this example, the speed c is constant throughout and so it is the shallower level that leads
to the increased filling. In practice this would need the diffuser to be stationary for about a minute (until
water starts to flow into the most downstream bin). The dashed line shows the level of the substrate as
it moves along the diffuser. The solid line shows the water level at any time. When these two lines are
close and parallel, it is indicative of a small amount of flooding. The water seems to get a temporary
quasi-steady state (see at time t ≈ 10 min) while the diffuser is still filling, then this rises up to the final
state. The steady state can be seen forming as the conveyor proceeds, and by the last time is almost set
up along the entire length. The time taken to set up the steady state is very close to the travel time for
one length of the conveyor. The lower level of the most upstream rise is due to the fact that the incoming
cane is dry. Figure 13 shows the result of a similar procedure in which the diffuser parameters do not
match. In the top panel, k = 0.01, the level has risen too high and there has been significant flooding
along the top of the substrate, while in the lower panel, k = 0.006, the flow has been too weak resulting
in regions where the juice does not spend very long in contact with the fibre. These problems can be
alleviated by increasing the speed of the diffuser (in the case k = 0.01) or decreasing it (for k = 0.006).
5. Conclusions
Two models of the flow in a diffuser have been considered; a one-dimensional model assuming small
vertical flows and a full Lagrangian model.
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Fig. 12. Flow initiation starting at constant speed but with different substrate height along the diffuser. The dash line is the
substrate, the solid line is the water level and the dot-dash line is the level of water in the bins. Panel times from top to bottom
are t = 5.33, 10.67, 21.3, 32 min from the start. The complete steady solution is almost set up by the last panel. In this simulation
c = 0.03 m/s and k = 0.008 m/s.
The results between the two models are consistent and for smaller flow variations it is quite likely
that the one-dimensional model is sufficient for most purposes. The Lagrangian model provides an
effective tool for examining more extreme properties of the system and more marked variations from
the steady state, such as significant flooding or drying and the initiation of the flow. This model is
certainly preliminary and omits such things as the details of the flow in unsaturated zones, but it does
appear to reflect the experience of diffuser behaviour (Hocking et al., 2014).
The periodic steady state is established very quickly along the length of the diffuser. The time to
set up this steady state is very close to the time taken for one length of the conveyor to pass through
≈ 30 min. Very early on, the water surface in the diffuser becomes periodic (even during the transient


























Fig. 13. Steady states for flow initiated as before, with c = 0.03 m/s, but with too much inflow in the top panel k = 0.01 and not
enough in the lower panel k = 0.006 m/s. The dash line is the substrate, the solid line is the water level and the dot-dash line is
the level of water in the bins.
phase) and retains this periodicity throughout (except close to the two ends of the diffuser where end
effects play a role).
The results strongly suggest that the diffuser system is very stable to relatively minor perturbations
to the flow parameters such as permeability, jet spray width and conveyor speed. It is even pretty stable
to quite large variations provided the cane parameters return to their original level. However, if the
variation does not pass through the system, then the mean level can be adjusted by varying the conveyor
speed or by changing the rate of water influx, but this must be done from all of the sprays, not just the
most downstream location.
The controlling parameters are the speed of the conveyor, c and the permeability, k, and these need
to be tuned correctly during the initiation of the diffuser to set up an optimal configuration. Such a
configuration is that shown in Fig. 12 in which the peaks of the free surface just touch the top of the
substrate. Thus each part of the substrate will have water from all of the sprays pass through and will be
collected in the correct bins without excessive water use.
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